In this paper, we revisited the concept of secure dominating set introduced by Cockayne et al. We characterized secure dominating set in terms of the concept of external private neighborhood of a vertex. Also we give necessary and sufficient conditions for connected graphs to have secure domination number equal to 2. We give some characterizations of the concept of secure domination in the joins K 1 + G and G + H, where G and H are connected non-complete graphs and then determine their corresponding secure domination numbers.
Introduction
Dominating sets in a graph provide numerous applications both in the position or location and protection strategies. For the protection strategy, the usual way involves placing a set (possibly empty) of guards at designated vertices of a graph so that the graph is considered protected. However, each of these strategies has a shortcoming. In the protection strategy using dominating sets, some guards in designated vertices may not necessarily be adjacent to any other guards. Although this particular shortcoming has been overcome by the strategy that uses total dominating sets, the latter still has a deficiency. In this strategy, when a guard moves along an edge to deal with an attack at a vertex without a guard, the resulting placement of guards may leave the system unprotected. The standard domination concept and some of its variants can be found in [1] .
Recently, a new strategy for placing guards in order to protect a system or network (modeled by a graph) had be introduced. This necessitates the definition of a dominating set called the secure dominating set. Just like other existing strategies, the objective in this strategy is to evaluate or determine the minimum number of guards needed to protect a graph. Secure domination had been studied in [2] , [3] , [4] , [5] , and [6] . 
Let G = (V (G), E(G)) be a connected graph and v ∈ V (G)
∪ {u} is a dominating set. A dominating set X is a secure dominating set (an sds) if for every u ∈ V (G)\X, there exists v ∈ X such that v X-defends u. The domination number γ(G) (resp. secure domination number γ s (G)) of G is the smallest cardinality of a dominating (resp., secure dominating) set in G.
The set of all the X-epns of v is denoted by epn(v, X)).
Preliminary Results and Characterizations
The first result is easy.
Lemma 2.1 Let X be a dominating set in a connected graph G, v ∈ X, and u ∈ V (G)\X with uv ∈ E(G). Then v X-defends u if and only if
The next result summarizes previous statements and results made (see, for example, [2] , [3] , [5] , [6] ) and some present observations. Theorem 2.2 Let X be a non-empty subset of V (G), where G is a connected graph. Then the following statements are equivalent:
Proof : (i) =⇒ (ii): Suppose X is a secure dominating set and let
. Hence, (ii) holds.
(ii) =⇒ (iii): Suppose (ii) holds and let u ∈ V (G)\X. By assumption, there
. This shows that Y is a dominating set. Since u ∈ V (G) \ X was arbitrarily chosen, it follows that X is a secure dominating set.
The following result is a quick consequence of Theorem 2.2. 
Now, suppose γ s (G) = 1 and let S = {v} be a secure dominating set of G. 
Proof : Suppose γ s (G) = 2 and let S = {x, y} be a secure dominating set in G. Then G is non-complte by Theorem 2.4 (hence |V (G)| ≥ 3). Consider the following cases:
For the converse, suppose that G is non-complete and there exist distinct vertices x and y that dominate G. Let S = {x, y} and let
By assumption, we may assume that (N G (x) \ N G [y]) ∪ {z} is complete. Then {y, z} is a dominating set. Thus S is a secure dominating set. Finally, suppose that S satisfies (iii).
, then {x, z} is a dominating set. Therefore S is a secure dominating set in G.
Furthermore, since γ s (G) = 1, it follows that γ s (G) = |S| = 2.
Corollary 2.7 Let G be a non-complete graph and n ≥ 2. Then γ s (G + K n ) = 2.
Proof : Since G + K n is not complete, it follows from Corolary 2.5 that 
Proof : Suppose γ s (K 1 +G) = 2 and let V (K 1 ) = {a}. Let S = {x, b} be a secure dominating set in G + K 1 , where b ∈ V (G). Suppose x = a. Then S satisfies (i) or (iii) of Theorem 2.6. If S satisfies (i), then {b} is a dominating set in G. This
is complete. Suppose x = a. Then S must be a secure dominating set in G.
For the converse, suppose first that γ(G) = 1. Let S = {a, b}, where a ∈ V (K 1 ) and {b} is a dominating set in G. Then, clearly, S is a secure dominating set in K 1 + G. Next, suppose that γ s (G) = 2, say S = {x, y} is a secure dominating set in G. Then S satisfies (i), (ii), or (iii) of Theorem 2.6. Since ax, ay
follows that S satisfies (iii) of Theorem 2.6. Therefore S is a secure dominating set in 
Proof : Suppose S is a secure dominating set in
For the converse, suppose first that S is a secure dominating set in G. Then, clearly, S is a secure dominating set in
Since S \ {a} is a dominating set in G, there exists v ∈ S \ {a} such that zv ∈ E(G). Clearly, (S \ {v}) ∪ {z} is a dominating set in K 1 + G. Thus S is a secure dominating set in K 1 + G. Finally, suppose that (iii) holds and
Observe that Corollary 2.8 also follows immediately from Theorem 2.9. The following result is also immediate from Theorem 2.9.
Corollary 2.10 Let G be a non-complete graph. Then
Proof : Let r = min{γ(G) + 1, γ s (G), q G + 1} and let S be a minimum secure dominating set of K 1 + G. Suppose r = γ(G) + 1. From Theorem 2.9, S \ {a} must be a minimum secure dominating set of G. Thus
A similar argument can be used to show that the equality holds if r = γ s (G) or r = q G + 1. 
Example 2.11 Let
Before we give our next results, we take note of the following remark.
Remark 2.13 Let G and H be non-complete graphs. Then
To see this, let a, b ∈ V (G) and x, y ∈ V (H). Then clearly, S = {a, b, x, y} is a secure dominating set in G + H. Thus 2 ≤ γ s (G + H) ≤ 4.
Theorem 2.14 Let G and H be connected non-complete graphs of orders m and n, respectively. Then γ s (G + H) = 2 if and only if at least one of the following holds:
and
are complete subgraphs of G and H, respectively.
Proof : Suppose γ s (G + H) = 2 and let S = {x, y} be a secure dominating set of G + H. Consider the following cases:
Since G is not complete, γ s (G) = 1. By assumption, S is a secure dominating set of G. This means that γ s (G) = 2. Case 2. Suppose x, y ∈ V (H).
Then, as in Case 1, γ s (H) = 2. Case 3. Suppose x ∈ V (G) and y ∈ V (H). Then x and y satisfy condition (ii) of Theorem 2.6. Hence,
For the converse, suppose first that γ s (G) = 2 and S = {x, y} is a secure dominating set of G. Then, clearly S is also a secure dominating set of G+H and (i) γ s (G) = 3 or γ s (H) = 3.
(ii) γ(G) = 2 or γ(H) = 2. 
